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Analytical solutions of the Navier–Stokes equations for the fully developed laminar ﬂow in a cylindrical annulus, when
an oscillating circumferential pressure gradient is imposed (ﬁnite gap oscillating Dean ﬂow), are presented. The solution
for the case of steady ﬂow, which has been given by Goldstein, is obtained as a limit case of the oscillating ﬂow when the
frequency of the oscillating pressure gradient tends to zero. The pulsating ﬂow solution is obtained by the superposition of
the constant and oscillating pressure gradient solutions.
 2006 Elsevier Inc. All rights reserved.
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Steady and unsteady Dean ﬂow is of interest for many engineering applications including biomedical engi-
neering, where oscillating ﬂows appear in most of the apparatuses (peristaltic pumps, extracorporeal circula-
tion or heart–lung machine) conveying ﬂuids.
Laminar steady ﬂow in a cylindrical annulus, due to a constant circumferentially acting pressure gradient,
was ﬁrst studied by Dean [1], using the narrow gap approximation. Goldstein [2] has studied the ﬁnite-gap
problem for the case of a constant pressure gradient. The exact solution of the ﬁnite gap problem, but for
an oscillating pressure gradient, is the scope of the present paper. Analytical solutions for laminar, fully devel-
oped, oscillating ﬂow in straight ducts with a constant cross-section and solid walls due to an imposed oscil-
lating pressure gradient are reported in the literature for the following cases: between parallel plates [3], for a
circular [4–8], for an annular [9], for a rectangular [10–13], for an elliptical [14,15] and for a triangular cross-
section [16].0307-904X/$ - see front matter  2006 Elsevier Inc. All rights reserved.
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In the present study the Navier–Stokes equations for unsteady incompressible ﬂow written in polar-coor-
dinates (r,/) are considered. tr and tu are the radial and circumferential velocity components, respectively, p is
the static pressure, q is the ﬂuid density and l is the dynamic viscosity of the ﬂuid.
Steady and/or unsteady ﬂow for the case of a cylindrical annulus with ratio r = R1 and r = R2(R1 < R2),
under the action of a circumferential pressure gradient opou is examined, Fig. 1. Fully developed ﬂow is assumed,
i.e. the circumferential velocity component tu is the only one non-vanishing velocity of the ﬂow ﬁeld (tr = 0).
The physical validity of the fully developed ﬂow assumption has been examined extensively in the past using
stability analysis for the fully developed steady ﬂow. Dean [1] ﬁrst studied the stability of the narrow gap prob-
lem, while Walowit et al. [17] have examined the stability of the ﬁnite gap problem, yielding the criteria for the
stability of the basic Dean ﬂow. As an example the most frequently referred criterion of the stability of the
basic steady Dean ﬂow for the narrow gap problem is mentioned: Dean-number ¼ tudm
ﬃﬃﬃﬃ
d
R1
q
< 35:92, where
d = R2  R1 [18, p. 111]. Brewster et al. [19] conﬁrmed experimentally the existence of the critical Dean-num-
ber of 35.92 above which steady Dean-vortices develop. The corresponding criteria for the stability of the
ﬁnite gap problem have been analyzed by Walowit et al. [17].
The stability analysis also predicts the complex three-dimensional ﬂow ﬁeld (Dean vortices) [20,21].
In the present paper, the basic steady-fully developedDean solution is extended to the periodic-unsteady solu-
tion produced by an oscillating pressure gradient using the same assumption, which has been used for the steady-
fully developed Dean solution: i.e. tr = 0. Because of this straightforward extension, we believe that the results
are physically realistic as for the steady case, when obeying certain criteria of stability, which will be examined in
a future study. This assumption is valid both for narrow as well as ﬁnite gap Dean ﬂow. The above is veriﬁed by
solving numerically the system of full Navier–Stokes equations and continuity equations using FLUENT.
Using the condition of the fully developed ﬂow (tr = 0) and continuity equation, tu is proved to be a func-
tion of the radial coordinate r and time t only, tu = t(r, t), and the momentum equations reduce to the follow-
ing form: q t
2
u
r
¼  op
or
; ð1Þ
q
otu
ot
¼  1
r
op
ou
þ l o
2tu
or2
þ 1
r
otu
or
 tu
r2
 
: ð2ÞFig. 1. Schematic representation of the problem.
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Assuming a constant circumferential pressure gradient P(P > 0), op
ou
¼ P or pðr;uÞ ¼ Puþ gðrÞ: ð3ÞEq. (2) is reduced to a linear, non-homogeneous, ordinary diﬀerential equation of second order, having the
non-dimensional form,d2~tu
d~r2
þ 1
~r
d~tu
d~r
 ~tu
~r2
þ 1
~r
¼ 0; ð4Þwhere the dimensionless variables are introduced,~r ¼ r
R1
; ~tu ¼ tuPR1
l
: ð5ÞUsing the no-slip condition at the inner and outer wall of the channel, the end form of the analytic solution
is obtained, which is the same expression given by Goldstein in [2].~tuð~rÞ ¼  1
2
~r ln~r þ 1
2
ln k
k2
k2  1 ~r 
1
~r
 
; ð6Þwhere k is the ratio of the outer radius (R2) to the inner radius (R1) of the channel k ¼ R2R1
 
.
The radial component of the pressure g(r) (see Eq. (3)) can be determined by the integration of the reduced
Navier–Stokes equation (1) in the radial direction r.
2.2. Oscillating ﬂow
For oscillating ﬂow, we assume a circumferential oscillating pressure gradient of cyclic frequency x and
amplitude (P) op
ou
¼ Peixt or pðr;u; tÞ ¼ Pueixt þ gðr; tÞ: ð7ÞThe limit x! 0 corresponds to the case of steady ﬂow.
Using the same dimensionless variables as in the case of steady ﬂow and in addition using the following
expression for the dimensionless time:~t ¼ tx ð8Þ
the momentum equation in the circumferential direction is deriveda2
o~tu
o~t
¼ 1
~r
ei~t þ o
2~tu
o~r2
þ 1
~r
o~tu
o~r
 ~tu
~r2
 
; ð9Þwhereby a is a reduced frequency of the oscillating ﬂow ﬁeld (also called the Womersley-number) deﬁned as
follows:a ¼ R1
ﬃﬃﬃﬃ
x
m
r
: ð10ÞUsing the Ansatz~tu ¼ eV ei~t ð11Þ
the former linear partial diﬀerential equation can be reduced to the following ordinary diﬀerential equation:d2 eV
d~r2
þ 1
~r
deV
d~r
 ð1þ ia2~r2Þ
eV
~r2
þ 1
~r
¼ 0: ð12Þ
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ia2~r
þ eV hð~rÞ ð13Þ
the diﬀerential equation (12) can be reduced to the homogeneous diﬀerential equationd2 eV h
d~r2
þ 1
~r
deV h
d~r
 ð1þ ia2~r2Þ
eV h
~r2
¼ 0: ð14ÞThe above equation (14) has the general solutioneV h ¼ c1I1 i12a~r þ c2K1 i12a~r ; ð15Þ
where I1 i
1
2a~r
 
, K1 i
1
2a~r
 
are the modiﬁed Bessel functions of ﬁrst and second kind and ﬁrst order, respectively
and c1 and c2 are constants. The boundary conditions for eV result from the corresponding no-slip boundary at
the inner and outer wall, and the oscillating ﬂow relation (11)eV ð1Þ ¼ 0; eV ðkÞ ¼ 0: ð16Þ
Using the boundary conditions (16) for eV , the constants c1 and c2 are determined and the ﬁnal expression for
the solution of eV is obtained. By multiplying the expression of eV by ei~t, according to the relation (11), the
imaginary expression of the dimensionless velocity component ~tu is determined,~tu ¼ ei~t 1
ia2~r
1þ ~r c1I1 i12a~r
 
þ c2K1 i12a~r
 h in o
; ð17Þwherec1 ¼
K1 ai
1
2
 
k1  K1 aki12
 
I1 ai
1
2
 
K1 aki
1
2
 
 I1 aki12
 
K1 ai
1
2
  ð18Þ
c2 ¼ 
I1 ai
1
2
 
k1  I1 aki12
 
I1 ai
1
2
 
K1 aki
1
2
 
 I1 aki12
 
K1 ai
1
2
  :
For an imposed periodic pressure gradient of the form op
ou
¼ P cosðxtÞ; ð19Þthe resulting periodic velocity is~tu ¼ ~tua cosðxt þ hÞ; ð20Þ
where ~tuað~rÞ is the amplitude and hð~rÞ the phase shift angle resulting from the expression of eV ð~rÞ as follows:~tua ¼ ðeV 2r þ eV 2i Þ12; h ¼ arctan eV ieV r ; ð21ÞeV r, eV i are the real and the imaginary parts of the expression of eV .
The analytical solution of the presented problem given by (17) and (18) contains both the oscillatory and
steady solutions. The steady solution (6) is obtained in the limit of a! 0.
For large values of a (a 1), it can be easily shown, that the following expression an excellent approxima-
tion of the imaginary velocity amplitude constitutes:eV ð~rÞ ¼ 1
ia2~r
1 ~r12
sinh ðk ~rÞai12
h i
þ k12 sinh ð~r  1Þai12
h i
sinh ðk 1Þai12
h i
8<
:
9=
;: ð22Þ
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tribution (17) across the channel width. In dimensionless form, the following expression is obtained ðz ¼ ai12Þ:Fig. 2.
radius
ﬂow d~tu ¼ eV ei~t;
~V ¼ 1
z2ðk 1Þ ln kþ
2þ z I0ðkzÞK1ðzÞ þ I1ðzÞK0ðkzÞ½  þ zk½I1ðkzÞK0ðzÞ þ I0ðzÞK1ðkzÞ
z2k½I1ðzÞK1ðzkÞ  I1ðzkÞK1ðzÞ
 
:
ð23Þ3. Results and discussion
The inﬂuence of the oscillating pressure gradient frequency on the velocity amplitude and phase shift angle,
(see Eq. (20)) is shown in Figs. 2 and 3 for two values of the characteristic reduced frequency (a = 0.1 and
a = 50), and for three diﬀerent values of the ratio of the outer to inner channel ratio k (k = 1.2, k = 1.5,
k = 2.0). Namely, for a low value of the reduced frequency, a = 0.1, the velocity amplitude has a parabolic-
like form with the maximum value shifted slightly to the inner wall (Fig. 2a), while the phase shift angle
has values close to zero (Fig. 2b). This means that, for small values of the reduced frequency a, the ﬂow
behaves as a quasi-steady one. This is clearly shown in Fig. 2a, where, in addition to the velocity amplitude,
the corresponding velocity proﬁles for steady ﬂow are also drawn (dots). The corresponding velocity proﬁles
for steady ﬂow are nearly identical to the velocity proﬁles for oscillating low frequency ﬂow.1.0 1.5 2.0
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Fig. 3. Velocity amplitude ~tua and velocity phase shift angle h distributions in the radial direction for three diﬀerent values of the channel
radius ratio k (k = 1.2, 1.5, 2) and for a high value of the reduced frequency parameter, a = 50. The dots indicate the inviscid ﬂow solution.
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value of the reduced frequency, a = 50, Fig. 3, the velocity distribution exhibits a Stokes layer character, with
high velocity gradients close to the solid boundaries. The ﬂow in the central region of the channel behaves as
inviscid approaching the velocity proﬁle of the inviscid oscillating ﬂow, which, as can be easily shown (see the
curves in Fig. 3a and b with dots) is~tuð~r;~tÞ ¼ 1a2~r cosð~t þ hÞ; h ¼ 
p
2
: ð24ÞThe phase angle in the central region of the channel tends to 90, while close to the wall tends to 45. The
velocity shows two local maximum values close to the solid walls, Fig. 3a, with the maximum value being close
to the inner wall. Similar phenomena, known as ‘‘annular eﬀect’’, are reported by Richardson and Tyler [5] for
the case of pulsating ﬂow in a straight circular pipe [6–8].
Using a relation similar to (20) and Eq. (23), the mean over the radial width of the channel amplitude ~tua and
the phase shift angle symbolized asH can be calculated. In Fig. 4, the amplitude as well as the phase shift angle
are plotted as a function of the reduced frequency a, for three diﬀerent values of the radius ratio k (k = 1.2, 1.5,
2.0). The corresponding values for the inviscid case can be easily calculated and have the following form:~tua ¼ ln ka2ðk 1Þ cos ~t 
p
2
 
: ð25ÞBy increasing the reduced frequency a (Fig. 4a) the amplitude of the mean velocity is decreasing, tending to the
value zero for large values of a (a!1). The phase shift angle H (Fig. 4b) has a value close to zero for low
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Fig. 4. Mean velocity amplitude ~tua and mean velocity phase shift angleH versus reduced frequency parameter a, for three diﬀerent values
of the channel radius ratio k (k = 1.2, 1.5, 2).
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reduced frequency a, as can be also shown by Eq. (25).
From Eqs. (1) and (20), the radial pressure gradient can be easily determinedop
or
¼ q t
2
ua
2r
½1þ cosð2xt þ 2hÞ: ð26ÞThe radial pressure gradient is a positive function of the radial coordinate r. This means that the oscillating
ﬂow is developing a positive ‘‘steady’’ radial pressure increment as well as a radial pressure oscillation. The
frequency and phase shift angle of the radial pressure oscillation are double of the corresponding frequency
and phase shift angle of the imposed circumferential pressure gradient.
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